Products of certain dually discrete spaces  by Peng, Liang-Xue
Topology and its Applications 156 (2009) 2832–2837Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Products of certain dually discrete spaces✩
Liang-Xue Peng
College of Applied Science, Beijing University of Technology, Beijing 100124, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 13 September 2008
Received in revised form 14 August 2009









If X and Y are locally compact GO spaces then X × Y is dually discrete. If μ and ν are two
ordinals and X is a normal subspace of μ × ν then X is dually discrete.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The notion of D-space was introduced by van Douwen in [6]. A neighborhood assignment for a space X is a function φ
from X to the topology of the space X , such that x ∈ φ(x) for any x ∈ X . A space X is called a D-space, if for any neighbor-
hood assignment φ for X there exists a closed discrete subspace D of X , such that X =⋃{φ(d): d ∈ D} (see [6] and [7]).
D-spaces have attracted a great deal of attention recently (see for example [3,4,8,10,20]). In [20], Peng proved that a count-
able product of paracompact C-scattered spaces is a D-space. In [1], the authors showed that there is a D-space Z whose
square is not a D-space.
In [16], van Mill, Tkachuk, and Wilson developed ideas related to D-spaces by deﬁning for a topological property P ,
a space X to be dually P if for each neighborhood assignment φ = {φ(x): x ∈ X}, there is a subspace Y ⊂ X with property
P such that X =⋃{φ(x): x ∈ Y }. The ﬁrst mention of dually discrete spaces can be found in [16] and their study was
contained in [1,2,5]. It was proved that the ordinal ω1 with its interval topology is dually discrete, but it is not a D-
space [16].
Recall that X is a generalized ordered space (abbreviated GO space) if it is embeddable in a linearly ordered topological
space. In [5], it was proved that any GO space of countable extent is dually discrete and every ordinal is dually discrete.
In 2008, Peng proved that any GO space is dually discrete [18]. In [1], it was proved that a ﬁnite product of regular cardinals
is dually discrete. The following problem appeared in [1]: Is the product of two ordinals (hereditarily) dually discrete?
In [19], Peng proved that a ﬁnite product of ordinals is dually discrete. In the second part of the note, we show that if μ
and ν are two ordinals and X is a normal subspace of μ × ν then X is dually discrete.
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All the spaces in this note are assumed to be T1-spaces. The set of all natural numbers is denoted by N and ω is N ∪{0}.
In notation and terminology we will follow [9].
2. Main results
The following deﬁnition can be found in [12] and [17]. A linearly ordered topological space (abbreviated LOTS) is a triple
〈X, λ,〉 where 〈X,〉 is a linearly ordered set and λ is the usual interval topology and deﬁned by . A GO space is a triple
〈X, τ ,〉, where 〈X,〉 is a linearly ordered set and τ is a topology on X such that λ ⊂ τ and τ has a base of open sets
each of which is order convex, where a set A of X is order convex if x ∈ A for every x lying between two points of A. A LOTS
Y = 〈Y , λ,Y 〉 is said to be a linearly order extension of the GO space X = 〈X, τ ,X 〉 if X ⊂ Y , τ = λ|X and X = Y |X .
Furthermore if X = Y and Y is compact then Y is said to be a linearly ordered compactiﬁcation of X .
The following statement appeared in [1] and [11]. A gap (respectively pseudogap) in a GO space X is a pair of open
subsets (A, B) of X such that A ∪ B = X , for all a ∈ A and b ∈ B , we have a < b and A has no maximal element and B
has no minimal element (respectively, either B has no minimal element or A has no maximal element, but not both). It is
well known that every GO space can be embedded densely in a LOTS; this involves adding a point in each pseudogap and
gap of X and endowing the resuling set with its natural order and topology. The linearly ordered space lX so constructed is
compact. It is the minimum linearly ordered compactiﬁcation of X .
The following deﬁnitions can be found in [12]. Let L be a compact LOTS and x ∈ L. A subset A of (←, x) is said to be
0-unbounded for x (in L) if for each y < x, there is an a ∈ A such that y  a. Otherwise, A is said to be 0-bounded for x.
Analogously, 1-unboundedness of A ⊂ (x,→) for x is deﬁned. 0-coﬁnality and 1-coﬁnality for x in L are deﬁned as follows:
0-cf x = min{|A|: A is 0-unbounded for x};
1-cf x = min{|A|: A is 1-unbounded for x}.
Observe that 0-cf x = 0 if x is the ﬁrst element of L, 0-cf x = 1 if x has the immediate predecessor in L and 0-cf x is a
regular inﬁnite cardinal otherwise. For a ﬁxed cardinal κ , a strictly increasing transﬁnite sequence {x(α): α < κ} in L is said
to be a 0-unbounded sequence for x if the set {x(α): α < κ} is 0-unbounded for x. Furthermore a 0-unbounded sequence
is said to be a 0-normal sequence for x if x(α) = sup{x(β): β < α} for each limit α < κ . If μ is an ordinal and cf μ  ω
and M : cf μ → μ is a function such that {M(α): α ∈ cf μ} is a normal sequence of μ, then the function M is said to be
a normal function, where {M(α): α ∈ cf μ} is said to be normal if M(α) = sup{M(β): β < α} for each limit α < cf μ and
μ = sup{M(α): α ∈ cf μ} (see [12] and [14]).
Lemma 1. ([1, Corollary 3.10]) If λ and μ are regular cardinals, then λ × μ is dually discrete.
Proposition 2. ([19, Proposition 2.2]) If X =⋃{Xi: i ∈ N}, where Xi is a closed dually discrete subspace (closed hereditarily dually
discrete subspace) of X for each i ∈ N, then X is dually discrete (hereditarily dually discrete).
Proof. In [19], we have proved that X is dually discrete if X =⋃{Xi: i ∈ N}, where Xi is a closed dually discrete subspace
of X for each i ∈ N . We prove that X is hereditarily dually discrete, if Xi is a closed hereditarily dually discrete subspace of
X for each i ∈ N . For any Y ⊂ X , Y =⋃{Y ∩ Xi: i ∈ N}. For each i ∈ N , the set Y ∩ Xi is a closed subspace of Y , since Xi
is closed in X . We also know that Y ∩ Xi is dually discrete, since Xi is hereditarily dually discrete for each i ∈ N . Thus Y is
dually discrete. 
Lemma 3. ([18, Theorem 24]) Every GO space is dually discrete.
By Proposition 2 and Lemma 3 we have:
Corollary 4. Let X be a GO space and let λ be a countable ordinal, then λ × X is hereditarily dually discrete.
Lemma 5. ([12, Lemma 3.1]) Let x be a point in a compact LOTS L, then there always exists a 0-normal sequence for x of length 0-cf x.
By Proposition 2.4 from [5], we know that if f : X → Y is a perfect map, and Y is a dually discrete space, then X is
dually discrete. Thus we have the following lemma.
Lemma 6. If X is a compact space and Y is a dually discrete space, then X × Y is dually discrete.
Theorem 7. If X and Y are locally compact GO spaces then X × Y is dually discrete.
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we see that X and Y are open in lX and lY , respectively. For each x ∈ X , let Vx be an open neighborhood of x in lX such
that Vx ∩ (lX \ X) = ∅ and Vx is order convex. Thus Vx is an open subset of X . If VX = {Vx: x ∈ X} then X =⋃VX . If
U ⊂ X then we denote st(U , VX ) =⋃{V : V ∈ VX and U ∩ V = ∅}. For each x ∈ X and n ∈ ω, let st0(Vx, VX ) = Vx and let
stn+1(Vx, VX ) = st(stn(Vx, VX ), VX ). We denote Ox =⋃{stn(Vx, VX ): n ∈ ω}. So we have Ox1 = Ox2 or Ox1 ∩ Ox2 = ∅ for
any x1, x2 ∈ X . Similarly, for each y ∈ Y , there is an open neighborhood V y of y in lY such that V y ∩ (lY \ Y ) = ∅ and V y is
order convex. We denote O y =⋃{stn(V y, VY ): n ∈ ω} for each y ∈ Y , where VY = {V y: y ∈ Y }. Thus we have O y1 = O y2
or O y1 ∩ O y2 = ∅ for any y1, y2 ∈ X . If we have proved that Ox × O y is dually discrete for each x ∈ X and y ∈ Y , then
Ox × Y is the sum of dually discrete spaces, and hence Ox × Y is dually discrete. Since Ox1 = Ox2 or Ox1 ∩ Ox2 = ∅ for any
x1, x2 ∈ X , the space X × Y is sum of dually discrete spaces, and hence X × Y is dually discrete.
Let Ox = [ax,bx]X = [ax,bx]∩ X and O y = [ay,by]Y = [ay,by]∩Y . The sets [ax,bx] and [ay,by] are order convex intervals
of lX and lY , respectively. We have x ∈ [ax,bx] and y ∈ [ay,by].
The set ([ax,bx]×[ay,by])∩(X×Y ) = (([x,bx]∩ X)×([y,by]∩Y ))∪(([x,bx]∩ X)×([ay, y]∩Y ))∪(([ax, x]∩ X)×([ay, y]∩
Y ))∪(([ax, x]∩ X)×([y,by]∩Y )). If the sets ([x,bx]∩ X)×([y,by]∩Y ), ([x,bx]∩ X)×([ay, y]∩Y ), ([ax, x]∩ X)×([ay, y]∩Y ),
and ([ax, x] ∩ X) × ([y,by] ∩ Y ) are dually discrete, then ([ax,bx] × [ay,by]) ∩ (X × Y ) is dually discrete by Proposition 2.
In what follows, we just prove that ([x,bx] ∩ X) × ([y,by] ∩ Y ) is dually discrete. The proof of others is analogous.
If bx ∈ X then ([x,bx] ∩ X) = [x,bx] is compact. Thus ([x,bx] ∩ X) × ([y,by] ∩ Y ) is dually discrete by Lemmas 3 and 6.
Similarly, ([x,bx] ∩ X) × ([y,by] ∩ Y ) is dually discrete if by ∈ Y . In what follows, we assume that bx /∈ X and by /∈ Y .
(1) If 0-cf bx = ω then there is a 0-unbounded sequence {cn: n ∈ N} of bx in X . For each n ∈ N , the set [x, cn] is compact.
Thus by Lemmas 3 and 6 we know that [x, cn]×([y,by]∩Y ) is dually discrete for each n ∈ N . Thus ([x,bx]∩ X)×([y,by]∩Y )
is dually discrete by Proposition 2. Similarly, the set ([x,bx] ∩ X) × ([y,by] ∩ Y ) is dually discrete if 0-cf by = ω.
(2) If 0-cf bx > ω and 0-cf by > ω then there are 0-normal sequences {x(α): α < 0-cf bx} of bx in lX and {y(β):
β < 0-cf by} of by in lY , such that {x(α): α < 0-cf bx} ⊂ [x,bx] and {y(β): β < 0-cf by} ⊂ [y,by] by Lemma 5. If C = {x(α):
α < 0-cf bx} × {y(β): β < 0-cf by} then the subspace C is homeomorphic to (0-cf bx) × (0-cf by) and hence it is dually
discrete by Lemma 1. So the subspace C is a closed dually discrete subspace of ([x,bx]∩ X)× ([y,by]∩ Y ). If φ is any neigh-
borhood assignment for ([x,bx]∩ X)× ([y,by]∩Y ), then there is a discrete subspace D1 ⊂ C such that C ⊂⋃{φ(d): d ∈ D1}.
Claim. There is some p ∈ (x,bx) and q ∈ (y,by) such that ([x,bx] ∩ X) × ([y,by] ∩ Y ) \⋃{φ(d): d ∈ D1} ⊂ ([x, p] × ([y,by] ∩
Y )) ∪ (([x,bx] ∩ X) × [y,q]).
Proof of the claim. Assume, on the contrary, that the conclusion is not true. Then for each n ∈ N , we have αn < 0-cf bx ,
βn < 0-cf by , and a point (pn,qn) ∈ (([x,bx] ∩ X) × ([y,by] ∩ Y )) \⋃{φ(d): d ∈ D1} such that x(αn) < pn < x(αn+1) and
y(βn) < qn < y(βn+1). Thus sup{x(αn): n ∈ N} and sup{y(βn): n ∈ N} exist. If sup{αn: n ∈ N} = α′ and sup{βn: n ∈ N} = β ′
then sup{x(αn): n ∈ N} = x(α′) and sup{y(βn): n ∈ N} = y(β ′). So x(α′) = sup{pn: n ∈ N} and y(β ′) = sup{qn: n ∈ N}. Thus
the point (x(α′), y(β ′)) ∈ {(pn,qn): n ∈ N}. Since (pn,qn) ∈ ([x,bx] ∩ X) × ([y,by] ∩ Y ) \⋃{φ(d): d ∈ D1} which is closed
in X × Y , we have (x(α′), y(β ′)) ∈ ([x,bx] ∩ X) × ([y,by] ∩ Y ) \⋃{φ(d): d ∈ D1}. This contradicts with (x(α′), y(β ′)) ∈
{x(α): α < 0-cf bx} × {y(β): β < 0-cf by} ⊂⋃{φ(d): d ∈ D1}. So we have proved the claim. 
The sets [x, p] and [y,q] are compact sets, so [x, p] × ([y,by] ∩ Y ) and ([x,bx] ∩ X) × [y,q] are dually discrete. The set
([x,bx] ∩ X) × ([y,by] ∩ Y ) \⋃{φ(d): d ∈ D1} is a closed subset of subspace X × Y and it is contained in ([x, p] × ([y,by] ∩
Y )) ∪ (([x,bx] ∩ X) × [y,q]). So ([x,bx] ∩ X) × ([y,by] ∩ Y ) \⋃{φ(d): d ∈ D1} is dually discrete. Thus there is a discrete
subspace D2 ⊂ ([x,bx] ∩ X) × ([y,by] ∩ Y ) \⋃{φ(d): d ∈ D1} such that ([x,bx] ∩ X) × ([y,by] ∩ Y ) \⋃{φ(d): d ∈ D1} ⊂⋃{φ(d): d ∈ D2}. Let D = D1 ∪ D2. Since D1 ⊂ {x(α): α < 0-cf bx} × {y(β): β < 0-cf by} and D2 ∩ (⋃{φ(d): d ∈ D1}) = ∅,
we see that D is discrete and ([x,bx] ∩ X) × ([y,by] ∩ Y ) =⋃{φ(d): d ∈ D}. Thus ([x,bx] ∩ X) × ([y,by] ∩ Y ) is dually
discrete.
(3) If 0-cf bx = 1 then bx has an immediate predecessor p which belong to X (by Lemma 2.1 from [12]). So [x,bx] ∩ X =
[x, p] is compact. Thus ([x,bx] ∩ X) × ([y,by] ∩ Y ) is dually discrete. Similarly, we have that ([x,bx] ∩ X) × ([y,by] ∩ Y ) is
dually discrete if 0-cf by = 1.
So ([ax,bx] × [ay,by]) ∩ (X × Y ) is dually discrete. Thus X × Y is dually discrete. 
Corollary 8. ([19, Theorem 2.7]) If μ and ν are two ordinals, then μ × ν is dually discrete.
The following proposition appears in [19], it is not proved in [19].
Proposition 9. ([19, Proposition 2.3]) Let X = X1 ∪ X2 . If X1 is a dually discrete closed subspace of X and every subspace F of X ,
which is contained in X2 is dually discrete, then X is dually discrete.
Proof. Let φ be any neighborhood assignment for X . Since X1 is dually discrete, there is a discrete subspace D1 ⊂ X1 such
that X1 ⊂⋃{φ(d): d ∈ D1}. If F = X \⋃{φ(d): d ∈ D1} then F is a closed subset of X and F ⊂ X2. Thus F is dually discrete,
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of X , since X1 is closed. Thus X =⋃{φ(d): d ∈ D}, and hence X is dually discrete. 
Corollary 10. Let X = U ∪ V , where U and V are open subspaces of X . If for any closed subspace F which is contained in U or V is
dually discrete, then X is dually discrete.
The following Lemma 11 follows the argument of Lemma 4 from [13].
Lemma 11. Let μ be an uncountable regular cardinal and let X be a normal subspace of μ × μ. If X ∩ {(α,α): α ∈ μ} = ∅ then the
set A is not stationary in μ, where A = {x: x ∈ μ and {y: (x, y) ∈ X} is stationary in μ}.
Proof. Suppose A is stationary in μ. We can assume that λ is a limit ordinal for each λ ∈ A. For each λ ∈ A, if Bλ =
{y: (λ, y) ∈ X} then Bλ is stationary in μ and hence Bλ∩(⋂{Bλ′ : λ′ < λ and λ′ ∈ A}) = ∅. We let g(λ) ∈ Bλ∩(⋂{Bλ′ : λ′ < λ
and λ′ ∈ A}) such that g(λ) is a limit ordinal and λ < g(λ). Let A∗ = {λ: λ ∈ A and there is some xλ < λ such that λ < g(xλ)}.
By the Pressing Down Lemma, we can see that A∗ is not a stationary set in μ. Thus there is a closed unbounded (abbreviated
cub) set B of μ such that B ∩ A∗ = ∅ and hence g(λ1) < λ2 if λ1 ∈ B ∩ A, λ2 ∈ B ∩ A and λ1 < λ2. The set B ∩ A is stationary
in μ and λ < g(λ) for each λ ∈ B ∩ A.
Let T = {(λ, g(λ)): λ ∈ B ∩ A} and let (x, y) ∈ X . If x > y then (x, y) /∈ T . If x < y and x /∈ B ∩ A then (x, y) /∈ T . If x < y
and x ∈ B ∩ A then x = 0, and hence there are ax and by in μ such that ax < x and x by < y. Thus |((ax, x] × (by, y]) ∩
T | 1. So we have proved that T is a closed discrete subspace of X .
Decompose B ∩ A into disjoint stationary sets A1 and A2. Let T1 = {(λ, g(λ)): λ ∈ A1} and T2 = {(λ, g(λ)): λ ∈ A2}.
Thus T1 and T2 are disjoint closed subsets of X . Since X is normal, there are open sets V1 and V2 of X such that T1 ⊂
V1 and T2 ⊂ V2 and V1 ∩ V2 = ∅. For each i ∈ {1,2} and for each λ ∈ Ai , there are xλ ∈ μ and yg(λ) ∈ μ such that
((xλ, λ] × (yg(λ), g(λ)]) ∩ X ⊂ Vi . By the Pressing Down Lemma, for each i ∈ {1,2}, there are pi ∈ μ and a stationary set
A′i ⊂ Ai such that xλ = pi for each λ ∈ A′i . For each i ∈ {1,2}, the set A′i is stationary in μ. Thus by the Pressing Down
Lemma, we can assume that λ = sup{λ′: λ′ < λ and λ′ ∈ A′i} for each λ ∈ A′i .
Let λ1 ∈ A′1 ∩ A′2 and λ1 >max{pi: i = 1,2}. Since Bλ1 is stationary in μ, there is some limit ordinal λ2 ∈ Bλ1 ∩ A′1 ∩ A′2
such that λ1 < λ2. Thus (λ1, λ2) ∈ X and λ1 ∈ A′1 ∩ A′2, λ2 ∈ A′1 ∩ A′2.
In what follows, we prove that (λ1, λ2) ∈ V1. Let O be any open neighborhood of the point (λ1, λ2) in X . There is
yλ2 ∈ μ such that λ1  yλ2 < λ2 and ({λ1} × (yλ2 , λ2]) ∩ X ⊂ O . Since λ2 ∈ A′1, there are λ3 and λ4 in A′1 with yλ2 < λ3 <
λ4 < λ2. Thus λ3 < g(λ3) < λ4 < λ2. Since g(λ3) ∈ Bλ1 , there is λ5 ∈ (λ3, g(λ3)] ∩ (yg(λ3), g(λ3)] ∩ Bλ1 . Thus (λ1, λ5) ∈ X
and (λ1, λ5) ∈ O . The set ((p1, λ3] × (yg(λ3), g(λ3)]) ∩ X ⊂ V1 and (λ1, λ5) ∈ (p1, λ3] × (yg(λ3), g(λ3)], so (λ1, λ5) ∈ V1. Thus
O ∩ V1 = ∅. So (λ1, λ2) ∈ V1. Similarly, by λ2 ∈ A′2, we have (λ1, λ2) ∈ V2. Thus V1 ∩ V2 = ∅ which is a contradiction.
Thus A is not stationary in μ. 
Let κ be an uncountable regular cardinal, and let Dr be a cub set in κ for each r < κ . The set 
r<κDr = {α:
α ∈⋂{Dr: r < α}} is called the diagonal intersection of Dr, r < κ . We know that the diagonal intersection of a κ-sequence
of cub sets in κ is a cub set in κ [15, p. 80]. Thus 
r∈D Dr = {α: α ∈⋂{Dr: r < α}} is a cub set in κ , if Dr is a cub set in
κ for each r ∈ D and D is a cub set in κ .
Theorem 12. If μ and ν are two ordinals and X ⊂ μ × ν is a normal subspace of μ × ν then X is dually discrete.
Proof. Suppose there are ordinals ζ and η such that there is a normal subspace X of ζ × η, which is not dually discrete.
First let μ be the least ordinal ζ such that there is a normal subspace X of ζ × η, which is not dually discrete for some
ordinal η. Next let ν be the least ordinal η such that there is a normal subspace X of μ × η, which is not dually discrete.
Then there is a normal subspace X of μ × ν such that X is not dually discrete. For each λ < μ (or δ < ν) if F is a normal
subspace of λ × ν (or μ × δ) then F is dually discrete.
Claim 1. cf μ = 1 and cf ν = 1.
Proof of Claim 1. Suppose cf μ = 1, then μ = μ′ + 1 for some ordinal μ′ . Let φ be any neighborhood assignment for X . We
assume X ∩ ({μ′}×ν) = ∅. The set {μ′}×ν is homeomorphic to ν , so it is hereditarily dually discrete by Lemma 3. Thus the
set X ∩ ({μ′} × ν) is dually discrete and hence there is a discrete subspace D1 ⊂ X ∩ ({μ′} × ν) such that X ∩ ({μ′} × ν) ⊂⋃{φ(x): x ∈ D1}. If F = X \⋃{φ(x): x ∈ D1} then F ⊂ μ′ × ν and F is a normal subspace. Since every normal subspace of
μ′ × ν is dually discrete, there is a discrete subspace D2 ⊂ F such that F ⊂⋃{φ(d): d ∈ D2}. Let D = D1 ∪ D2, we see that
D is a discrete subspace and X =⋃{φ(d): d ∈ D}. Hence X is dually discrete which is a contradiction. So cf μ = 1. Similarly,
we have cf ν = 1. 
Claim 2. cf μ = ω and cf ν = ω.
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For each n ∈ N , the set X∩([0,an]×ν) = X∩((an+1)×ν) is a closed subspace of X and hence is normal. So X∩([0,an]×ν)
is a normal subspace of (an + 1) × ν . Thus X ∩ ([0,an] × ν) is dually discrete. So X =⋃{X ∩ ([0,an] × ν): n ∈ N} is dually
discrete by Proposition 2. This is a contradiction. So cf μ = ω. Similarly, we have cf ν = ω. 
Claim 3. cf μ = μ and cf ν = ν .
Proof of Claim 3. Suppose cf μ = μ, then cf μ < μ. By Claims 1 and 2, we know that cf μ > ω and cf ν > ω. Let M : cf μ →
μ be a normal function. If C = {M(α): α ∈ cf μ} then the subspace C is homeomorphic to cf μ. Thus {M(α): α ∈ cf μ} × ν
is homeomorphic to cf μ × ν . So every normal subspace of {M(α): α ∈ cf μ} × ν is dually discrete. Since X ∩ ({M(α):
α ∈ cf μ}×ν) is a closed subspace of X , the subspace X ∩ ({M(α): α ∈ cf μ}×ν) is normal. Thus X ∩ ({M(α): α ∈ cf μ}×ν)
is dually discrete. Let φ be any neighborhood assignment for X . There is a discrete subspace D1 ⊂ X∩({M(α): α ∈ cf μ}×ν)
such that X ∩ ({M(α): α ∈ cf μ} × ν) ⊂⋃{φ(d): d ∈ D1}. If F = X \⋃{φ(d): d ∈ D1}, then F is a closed normal subspace
of X .
We can assume M(0) = 0, thus μ × ν \ ({M(α): α ∈ cf μ} × ν) =⋃{(M(α),M(α + 1)) × ν: α ∈ cf μ}. Thus F =⋃{F ∩
((M(α),M(α + 1)) × ν): α ∈ cf μ}. So F =⊕α∈cf μ(F ∩ ((M(α),M(α + 1)) × ν)). The set F is a normal subspace of X , so
F ∩ ((M(α),M(α +1))×ν) is a normal closed subspace of F for each α ∈ cf μ. Thus F ∩ ((M(α),M(α +1))×ν) is a normal
subspace of [0,M(α+1))×ν and hence it is dually discrete. Thus F is dually discrete. So there is a discrete subspace D2 ⊂ F
such that F ⊂⋃{φ(d): d ∈ D2}. If D = D1 ∪ D2 then we can see that D is a discrete subspace and X =⋃{φ(d): d ∈ D}.
Thus X is dually discrete which is a contradiction. So cf μ = μ. Similarly, we have cf ν = ν . 
Claim 4. μ = ν , and μ, ν are uncountable regular cardinals.
Proof of Claim 4. By Claims 1–3, we know that μ and ν are uncountable regular cardinals. Suppose μ < ν .
Let A = {x: x ∈ μ and {y: (x, y) ∈ X} is stationary in ν}.
(i) Suppose A is not a stationary set in μ, then there is a cub set C ⊂ μ such that C ∩ A = ∅. For each a ∈ C the set
{y: (a, y) ∈ X} is not stationary in ν , thus there is a cub set Ba in ν such that Ba ∩ {y: (a, y) ∈ X} = ∅. Since μ < ν , we
see that
⋂{Ba: a ∈ C} = B is a closed unbounded set in ν . So (C × B) ∩ X = ∅. The set μ × ν \ (C × B) = ((μ \ C) × ν) ∪
(μ × (ν \ B)). Let C = {xα: α ∈ μ} and B = {yβ : β ∈ ν}. In what follows, we assume x0 = y0 = 0. If x0 = 0 or y0 = 0 then
the proof is analogous. Thus we have ((μ \ C) × ν) ∪ (μ × (ν \ B)) = (⋃{(xα, xα+1) × ν: α ∈ μ}) ∪ (⋃{μ × (yβ, yβ+1):
β ∈ ν}). So X = (⋃{X ∩ ((xα, xα+1)× ν): α ∈ μ})∪ (⋃{X ∩ (μ× (yβ, yβ+1)): β ∈ ν}). Thus ⊕α∈μ(X ∩ ((xα, xα+1)× ν)) and⊕
β∈ν(X ∩ (μ× (yβ, yβ+1))) are open subspaces of X . If F is a closed subspace of X and F ⊂
⊕
α∈μ(X ∩ ((xα, xα+1)×ν)) or
F ⊂⊕β∈ν(X ∩ (μ× (yβ, yβ+1))) then F is normal and F =
⊕
α∈μ(F ∩ ((xα, xα+1)×ν)) or F =
⊕
β∈ν(F ∩ (μ× (yβ, yβ+1))).
If F =⊕α∈μ(F ∩ ((xα, xα+1) × ν)) then F ∩ ((xα, xα+1) × ν) is a normal subspace of F and hence F ∩ ((xα, xα+1) × ν) is
a normal subspace of [0, xα+1) × ν for each α ∈ μ. Thus F ∩ ((xα, xα+1) × ν) is dually discrete. So F is dually discrete.
Similarly, we have that F is dually discrete if F =⊕β∈ν(F ∩ (μ × (yβ, yβ+1))). Thus X is dually discrete by Corollary 10.
This is a contradiction. So A is a stationary set in μ.
(ii) The set A is a stationary set in μ. Let φ be any neighborhood assignment for X . We assume φ(x) is open in μ × ν
for each x ∈ X . For each a ∈ A the set Ca = {y: (a, y) ∈ X} is stationary in ν . For each y ∈ Ca , there are some ay < a
and by < y such that (ay,a] × (by, y] ⊂ φ((a, y)). By the Pressing Down Lemma, there are some ba and a stationary set
S1a ⊂ Ca such that by = ba for each y ∈ S1a . For each y ∈ S1a , we can assume y > a. Thus ay < y for each y ∈ S1a . So by
the Pressing Down Lemma, there are some ka < a and a stationary set S∗a ⊂ S1a such that ay = ka for each y ∈ S∗a . Let
Ma be an unbounded discrete subspace of S∗a , so ay = ka and by = ba for each y ∈ Ma . So (ka,a] × (ba, y] ⊂ φ((a, y))
for each y ∈ Ma . If Da = {a} × Ma then Da is a discrete subspace of μ × ν . The set A is stationary in μ and ka < a for
each a ∈ A, then there is some x0 ∈ μ and a stationary set A1 ⊂ A, such that ka = x0 for each a ∈ A1 by the Pressing
Down Lemma. We can get an unbounded set Dμ ⊂ A1 such that Dμ ⊂ [x0,→) and Dμ is a discrete subspace of μ. Thus
D∗1 =
⋃{Da: a ∈ Dμ} is a discrete subspace of μ × ν . Let y0 = sup{ba: a ∈ Dμ} and let D1 = D∗1 ∩ ([x0,→) × [y0,→)).
Thus X \⋃{φ(d): d ∈ D1} ⊂ ([0, x0] × ν) ∪ (μ × [0, y0]). Let F = X \⋃{φ(d): d ∈ D1}. Thus F is a closed subspace of X
and F = (F ∩ ([0, x0] × ν)) ∪ (F ∩ (μ × [0, y0])). We see that the sets F ∩ ([0, x0] × ν) and F ∩ (μ × [0, y0]) are normal
closed subspaces of F . So the sets F ∩ ([0, x0]× ν) and F ∩ (μ×[0, y0]) are normal subspaces of [0, x0]× ν and μ×[0, y0],
respectively. Thus the sets F ∩ ([0, x0]× ν) and F ∩ (μ×[0, y0]) are dually discrete. So F is dually discrete by Proposition 2.
Thus there is a discrete subspace D2 ⊂ F such that F ⊂⋃{φ(d): d ∈ D2}. Let D = D1 ∪ D2. Since D1 ⊂ ([x0,→) ×
[y0,→)) and D2 ⊂ X \⋃{φ(d): d ∈ D1}, we see that D is discrete and X ⊂⋃{φ(d): d ∈ D}. Thus X is dually discrete which
is a contradiction. Thus we have proved μ ν . Similarly, we have ν μ. Thus μ = ν . 
By Claim 4, we have μ = ν . If 
 = {(α,α): α ∈ μ} then 
 is hereditarily dually discrete. Thus X1 = X ∩ 
 is dually
discrete and X1 is a closed subspace of X . If F is a closed subspace of X and F ∩ X1 = ∅, then F is normal and F ∩ 
 = ∅.
If we have proved that F is dually discrete then X is dually discrete by Proposition 9.
By Lemma 11 we know that F A and FB are not stationary in μ, where F A = {x: x ∈ μ and {y: (x, y) ∈ F } is stationary
in μ} and FB = {y: y ∈ μ and {x: (x, y) ∈ F } is stationary in μ}.
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is not stationary in μ. Thus there is a cub set Dr in μ such that Dr ∩ Mr = ∅. Similarly, for each δ ∈ E , there is a cub
set Eδ in μ, such that Eδ ∩ Nδ = ∅, where Nδ = {x: (x, δ) ∈ F }. Thus 
r∈D Dr and 
δ∈E Eδ are cub sets in μ. If P = Q =
D ∩ E ∩ (
r∈D Dr) ∩ (
δ∈E Eδ) then P is a cub set in μ.
By the deﬁnitions of P and Q , we can see that if p ∈ P , q ∈ Q , and p = q then the point (p,q) ∈ F . Thus F ∩ 
1 =
F ∩ (P × Q ), where 
1 = {(α,α): α ∈ P }. Since F ∩ 
 = ∅, we have F ∩ (P × Q ) = ∅.
Let P = Q = {xα: α ∈ μ}. If x0 = 0 then μ \ P = ⊕α∈μ(xα, xα+1). If x0 = 0 then the proof is analogous. In what
follows, we assume x0 = 0. Thus F = (⋃{F ∩ ((xα, xα+1) × μ): α ∈ μ}) ∪ (⋃{F ∩ (μ × (xα, xα+1)): α ∈ μ}). The sets⋃{F ∩ ((xα, xα+1) × μ): α ∈ μ} =⊕α∈μ(F ∩ ((xα, xα+1) × μ)) and
⋃{F ∩ (μ × (xα, xα+1)): α ∈ μ} =⊕α∈μ(F ∩ (μ ×
(xα, xα+1))) are open subspaces of F . If F1 is a closed subspace of F and F1 ⊂ ⊕α∈μ(F ∩ ((xα, xα+1) × μ)) or F1 ⊂⊕
α∈μ(F ∩ (μ × (xα, xα+1))) then F1 =
⊕
α∈μ(F1 ∩ ((xα, xα+1) × μ)) or F1 =
⊕
α∈μ(F1 ∩ (μ × (xα, xα+1))). We assume
F1 =⊕α∈μ(F1 ∩ ((xα, xα+1) × μ)). For each α ∈ μ, the set F1 ∩ (μ × (xα, xα+1)) is normal and hence it is dually discrete.
Thus F1 is dually discrete. So F is dually discrete by Corollary 10.
Thus X is dually discrete which is a contradiction.
So we have proved that if X is a normal subspace of μ × ν then X is dually discrete. 
Question 13. Let A and B be two disjoint stationary sets of ω1. Is A × B dually discrete?
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